: have you found numerically initial conditions for which the final state is [A&B2] when delta_c is close to 2 and delta_beta is of the order of 0.15? Figure 4 : initial conditions are not indicated in the legend (and there are some indications in the main text, that there are 100 of each type of infected nodes at first, which is likely important, and should be mentioned in the legend for completeness). For figure 5 the legends should also include the initial conditions. control and containment, as well as being highly mathematically interesting in their own right due to the high levels of dimensionality in (possibly) non-monotonic systems. While the qualitative conclusions of the work were not particularly surprising to me, I enjoyed considering the many facets of the authors' investigation. Efforts have clearly been made to consider stochasticity, population structures, and networks (as well as contrasting the different results). As such, I find it to be a valuable contribution to the literature, subject to some revisions listed below.
-I would recommend a thorough revision of the manuscript text, as there are a number of problems with grammar and spelling. This is particularly true in the discussion and conclusion. The content is sound, but I spent many minutes poring over the text before understanding the authors' intended meaning. The section would benefit from re-writing, and perhaps shortening of some of the sentences to increase legibility. -The authors choose to implement a physically sensible model for two pathogens, A and B. The results section contains a plethora of results which have been obtained numerically. However, at times it is difficult to ascertain the conditions for which each result applies. For example, on page 6, the authors discuss the non-monotonicity of the boundary of [A&B<sub>1</sub>]. I assume this is only true for the case when ?<1, but it was not quite clear from the text, and other readers may be confused. I understand this becomes more challenging as the dimensionality of the problem increases, but it would be quite helpful to those wishing to intuit what is happening.
-In many of the figures, not all of the regions are explained. For example, in Figure 2 various equilibria are indicated with the analytical boundaries. When looking at the figures, I was missing an explanation as to the hard boundary at ?<sub>c</sub>=1. -Can the authors please indicate, perhaps in the supplement, the expressions for the various analytical boundaries which are presented? This would complement the numerical results and give a fuller explanation of the various processes. -The authors have demonstrated the existence and coexistence of the various strains and pathogens. However, it is somewhat inaccurate to claim that these conditions have been given when the results appear to be for a certain subset of parameter space. Naturally, many of these questions require solving high-order polynomials which I understand is cumbersome if not intractable. The authors have shown that many different phenomena may occur, and they point to what they believe to be the driver behind these observations. These are valuable contributions, but it is unclear what the necessary and sufficient conditions are for each of the many cases they discuss. I am not suggesting they do so, rather that the language be altered to reflect the nature of the findings. -It would be helpful if the authors could elaborate on the stability of the various states, both locally and the dependence on initial conditions. A number of analytical results are in the supplement, but some comments on stability would be helpful when interpreting the possible implications of the authors' findings.
Do you have any ethical concerns with this paper? No

Have you any concerns about statistical analyses in this paper? No
Recommendation?
Major revision is needed (please make suggestions in comments)
Comments to the Author(s)
The paper by Pinotti et al. addresses the interesting question of the interplay between competitive and cooperative interactions in multi-pathogen systems. They focus on a 3-player system with one pathogen A and two pathogen strains B1 and B2 and illustrate through a series of mathematical and simulation results conditions for coexistence and exclusion equilibria between these pathogens, where B1 and B2 cooperate with A but compete directly in an extreme exclusion case with each other. First the authors consider a homogeneous mixing population, secondly they consider a structured population with two groups and relative rates of mixing between them, thirdly they consider explicit contact networks and the effects these may have on the ultimate epidemiological dynamics. Rich phenomenology emerges in each sub-model and the importance of transients and initial conditions is highlighted, especially in the stochastic models. Overall, my impression from this paper is that the authors are being over ambitious and by trying to do too many things at once, they are not really focusing on the key results, they are not providing enough mathematical details and are diluting their message. My suggestion is that sometimes "less is more" and this applies to this paper. My comments are listed below in the hope they can be constructively addressed in a revision.
1. The biological motivation for the study does not seem very well-founded. In the introduction the authors cite a lot the HIV-Tuberculosis coinfection case and the Streptococcus pneumoniaeInfluenza case. The first case involves a chronic pathogen SI dynamics for HIV, the second case involves a SIR dynamics for influenza, thus it does not really apply to their model, whose primary epidemiological structure is of SIS type. This is very important as the feedbacks change. Secondly when they talk about coexistence between resistant and sensitive strains, there are several hypotheses in the literature for the mechanisms enabling coexistence and the authors should at least cite some of these before outlining their claim that synergistic interactions with third-parties (other pathogens) may also play a role: the key and very valid point in this paper.
2. The authors are considering an N=3 system, and I think they should be explicit about this already in the title, because it makes it clear that already going from N=2 (mostly studied in the literature) to N=3 allows for much more complex dynamics to emerge. And for N=3, one can still obtain some analytical results, which becomes very hard with big N, as most studies perform only simulations in those cases. In this respect I would highly suggest to rephrase the title to 'Interplay between competitive and cooperative interactions in a 3-player pathogen system' or something of the sort. This will make it easier to connect this study also to other ecological studies of the Lotka-Volterra type where such multi-species interaction networks are even more deeply studied, and both mathematical and biological analogies can be exploited.
4. In my view, this study is a special case of certain types of cooperative and competitive interactions. In particular, asymmetric cooperation in co-infection is assumed between 'species': A and B1 (c1) and A and B2 (c2) but symmetric competition, and in particular an extreme case of competition (c=0) 'within species' B1 and B2 (where co-infection is not allowed). Thus, the model is not very general (see coinfection by the same strain models in Alizon et al 2013, Ecology Letters, and Alizon 2013, J. R.Soc.Interface), and the claim that coexistence between competing strains is not possible (line 12 in page 12) is not a general one, but only arises here with respect to this particular model structure and the particular assumptions. This should be emphasized, because there are other studies that show that coexistence and even bistability can occur between competing strains depending on the relative magnitudes of within-strain vs. between-strain competition or cooperation (see for example Gjini and Madec 2017, Theoretical Ecology) and these studies could be cited. If the authors were to include more general interaction coefficients between B1 and B2 and allow for co-infection by B1 and co-infection by B2 with altered rates, coexistence would be indeed possible, even in the absence of any synergies with third-parties (e.g. A in this study).
5. The presentation of results could be greatly improved. In my opinion, the authors should expand substantially on the mathematical results of section 3.1. and 3.2 and either remove or relegate the sections 3.3-3.4 to the Supplements. I think, the key here is the triangular interaction structure in this '3-species' system (both qualitative and quantitative) and the mathematical criteria determining the biological regimes.
By focusing only on the mean-field scenario and structured population, the paper will be much stronger, clearer and easier to understand. The authors should present their results also in terms of the basic reproduction R0 of each strain when alone, a quantity that right now is not even mentioned. This will make it easier to relate this study to other epidemiological multi-strain studies. Instead of rescaling time by clearance rate mu, having mu explicit means that many analytical conditions will appear in terms of the strain-specific basic reproduction number R0, and the conditions such as: alpha>1, beta1>1... etc. just become R0(A)>1 etc. I suggest some of the mathematical results in the Supplements to become part of the main text, especially stability criteria, analytical equilibrium prevalences.
Regions of coexistence and bistability should be studied and presented more in detail, and their biological implications analyzed, as is already done in 3.1-3.2, but somewhat in a brushed over fashion. For example, the last sentence of section 3.1 mentions superficially a very interesting and potentially very important result about multi-stability, but does not describe which parameter regimes lead to such behavior and what the biological implications may be.
I think an important point of section 3.2. is that structured contacts in the host population (already just having 2 sub-populations) allows an internal coexistence equilibrium between 3 strains, which was not possible without host population structure. The authors do not comment on frequency-dependent advantage of each strain, but in fact a lot of the phenomena reported here have to do with frequency-dependence in relative strain fitnesses. Another interesting phenomenon the authors do not comment on is in figure 3d , where intermediate mixing between the two host sub-populations, maximizes the region where A and B1 coexist, thus maximizes the 'rescue' of the less transmissive strain (B1) through its cooperative superiority with a third-party (A). These results deserve to be developed more in depth.
As for Sections 3.3-3.4, the contact network structure, in my view, is just adding more complexity but without providing big new insights. So for me these sections are not necessary. They are rather special cases of a special case and no analytical insights are provided. For example how would the results change if a different n_c were used in 3.4? How would the results change if a different average node degree k were used in 3.3? I don't think these sections add qualitatively much to this paper. Maybe they could be the focus of another paper, focusing specifically on the network structure and studying its effect more in detail. Like this, I feel these sections dilute attention away from the center. How a particular contact network topology modifies this particular assumed interaction structure between 3 strains in my view constitutes another paper. There is much left to explore analytically in the stochasticity, in the discrete nature of events, in the features of the network, and all the rich asymptotic regimes that become possible when considering the strains interactions. Just illustration of one scenario, as done presently, is not enough.
6. In the interest of clarity and reproducibility, I suggest the authors to compile all model parameter values in a Table by which it can be easier to verify analytic conditions and equilibria that emerge. In particular, and of mathematical importance, how do the absolute values of parameters, namely alpha, c1+c2, and beta1+beta2 affect the relative competitive dynamics between the 3 strains? The figures focus just on the effect of relative parameter differences, but the absolute values are also very important and deserve some attention. For example in an SIS model (Gjini and Madec 2017) , it has been shown that just by changing the value of global R0, one can shift the net hierarchy between strains, even when keeping the interaction coefficients the same (i.e. by keeping delta_c or delta_beta here the same). It is likely that such such effects apply also in this model.
Minor comments:
-I do not understand the need for the extra variables X_i. Cannot they be just incorporated in the force of infection for each strain (dependent on the state of the system), and be put explicitly in the system 1? Having two extra differential equations makes the model cumbersome and adds unnecessary redundancy.
-Please be specific that transmission from co-infected hosts is assumed to happen at the same rate as transmission from single infected hosts, i.e. at rate alpha for strain A and beta1 and beta2 for strains B1 and B2 from classes D1 and D2. Is this correct? -I suggest to use word descriptions for the x-y labels in the figures, to recall the variables denoting direct competition (delta_beta) between strains B1 and B2 and relative cooperation (delta_c) with the third player A. In fact, ultimately the interplay explored in this paper, is that of direct vs. indirect interactions, which when system size increases further, are likely to generate even richer dynamics.
Decision letter (RSOS-190305.R0)
16-Aug-2019
Dear Dr Poletto,
The editors assigned to your paper ("Interplay between competitive and cooperative interactions in multi-pathogen systems") have now received comments from reviewers. We would like you to revise your paper in accordance with the referee and Associate Editor suggestions which can be found below (not including confidential reports to the Editor). Please note this decision does not guarantee eventual acceptance.
Please submit a copy of your revised paper before 08-Sep-2019. Please note that the revision deadline will expire at 00.00am on this date. If we do not hear from you within this time then it will be assumed that the paper has been withdrawn. In exceptional circumstances, extensions may be possible if agreed with the Editorial Office in advance. We do not allow multiple rounds of revision so we urge you to make every effort to fully address all of the comments at this stage. If deemed necessary by the Editors, your manuscript will be sent back to one or more of the original reviewers for assessment. If the original reviewers are not available, we may invite new reviewers.
To revise your manuscript, log into http://mc.manuscriptcentral.com/rsos and enter your Author Centre, where you will find your manuscript title listed under "Manuscripts with Decisions." Under "Actions," click on "Create a Revision." Your manuscript number has been appended to denote a revision. Revise your manuscript and upload a new version through your Author Centre.
When submitting your revised manuscript, you must respond to the comments made by the referees and upload a file "Response to Referees" in "Section 6 -File Upload". Please use this to document how you have responded to the comments, and the adjustments you have made. In order to expedite the processing of the revised manuscript, please be as specific as possible in your response.
In addition to addressing all of the reviewers' and editor's comments please also ensure that your revised manuscript contains the following sections as appropriate before the reference list:
• Ethics statement (if applicable) If your study uses humans or animals please include details of the ethical approval received, including the name of the committee that granted approval. For human studies please also detail whether informed consent was obtained. For field studies on animals please include details of all permissions, licences and/or approvals granted to carry out the fieldwork.
• Data accessibility It is a condition of publication that all supporting data are made available either as supplementary information or preferably in a suitable permanent repository. The data accessibility section should state where the article's supporting data can be accessed. This section should also include details, where possible of where to access other relevant research materials such as statistical tools, protocols, software etc can be accessed. If the data have been deposited in an external repository this section should list the database, accession number and link to the DOI for all data from the article that have been made publicly available. Data sets that have been deposited in an external repository and have a DOI should also be appropriately cited in the manuscript and included in the reference list.
If you wish to submit your supporting data or code to Dryad (http://datadryad.org/), or modify your current submission to dryad, please use the following link: http://datadryad.org/submit?journalID=RSOS&manu=RSOS-190305
• Competing interests Please declare any financial or non-financial competing interests, or state that you have no competing interests.
• Authors' contributions All submissions, other than those with a single author, must include an Authors' Contributions section which individually lists the specific contribution of each author. The list of Authors should meet all of the following criteria; 1) substantial contributions to conception and design, or acquisition of data, or analysis and interpretation of data; 2) drafting the article or revising it critically for important intellectual content; and 3) final approval of the version to be published.
All contributors who do not meet all of these criteria should be included in the acknowledgements.
We suggest the following format: AB carried out the molecular lab work, participated in data analysis, carried out sequence alignments, participated in the design of the study and drafted the manuscript; CD carried out the statistical analyses; EF collected field data; GH conceived of the study, designed the study, coordinated the study and helped draft the manuscript. All authors gave final approval for publication.
• Acknowledgements Please acknowledge anyone who contributed to the study but did not meet the authorship criteria.
• The reviewers are all positive about the scope of the study, and they offer a variety of wellconsidered comments. These may take some while to address and so if you require more time than the schedule typically allows, please notify the editorial office. Be sure to provide detailed responses to all concerns of the reviewers and I would recommend that you have the revised manuscript read by a native Anglophone familiar with the field (and I regret that English is such an irregular language). We will likely have another round of review with one or two of the referees, if they are willing. Best success in your revision.
Comments to Author:
Reviewers' Comments to Author: Reviewer: 1 Comments to the Author(s) The article "Interplay between competitive and cooperative interactions in multi-pathogen systems" is well written and provides an interesting and novel investigation into the competitive and cooperative dynamics between pathogens and their strains. In addition to combining two previously disparate considerations, the authors should be commended for developing a model that is simple enough to be easily interpretable yet complex enough to allow for interesting dynamics.
A particular strength of the investigation is that a number of different modelling scenarios have been covered: deterministic v. stochastic dynamics; homogeneous v. heterogeneous mixing; and unstructured v. structured populations (e.g. networks). This approach allows for a broad overview of the types of solutions that may arise in the scenarios considered. However, by following this approach it is difficult to provide depth in any one particular area. Reading through I often wondered what type of dynamics may have been observed under alternative parameter configurations. For example, what happens when strain A outcompetes both B strains? Or if A is seeded in the same community as B2 and not B1? Whilst a full exploration of the myriad possibilities would certainly overwhelm the main document, I wonder whether some of these scenarios could be considered, or at least discussed in the appendix, or even alluded to as topics for future research. Some of these cases may even be covered in the articles cited -if so, this should be mentioned.
Nevertheless, I found the article an interesting and thoughtful investigation on multi-strain dynamics that represents a significant advance from earlier investigations.
Minor comments: P2 L28: Suggest inserting "the" between "assess" and "validity" P4, equation 1: I think you should mention that the infection rates \alpha and \beta_i have also been rescaled by \mu^{-1}.
P6 Figure 2 , caption: Should "C" be lowercase "c"?
P6 L43: Do you mean "infectious population curves" instead of "curves of infectious"? P10 L47: Suggest inserting "the" between "in" and "presence" P11 L47-48: Suggest replacing "density of infectious" with "infectious density" P14 L21: Suggest replacing "This" with "These" Appendix, Fig S2-3 : Although the color-coding can be deduced from the main document, it would be helpful if a separate legend was provided to label the different regions of parameter space.
Reviewer: 2
Comments to the Author(s) This is my first reading of this manuscript. Overall, I think this is an interesting study, that should eventually be published. But I have a few comments. This is a theoretical study of infections at the scale of a host population (homogeneously mixed, or subdivided in 2 subpopulations, or in a Erdős-Rényi network, or in a modular network), in the case where there are two competing strains which cannot coinfect the same host, and another strain, which cooperates with the two first strains. One of the first two strains has better cooperation, but a lower transmissibility. The authors study the phase diagrams (which strain(s) manage to maintain in the population) as a function of the relevant parameters.
Around line 14 of page 5 : ``We assume then that strain B1 is more cooperative'' : maybe say why you don't consider the reverse case. I imagine that you focus on the interesting case of a trade-off between cooperativity and transmissibility, if B2 was both more transmissible and more cooperative, it would outcompete strain B1 (though I am not sure whether there is a range of parameters where coexistence is still possible). Maybe it would be interesting to discuss an example of a pathogen with a trait variation that makes it more transmissible and less cooperative.
About figure 2 : is this possible to get some analytical boundary between the different regimes? Around line 38 of page 11 ``This may happen also when the transmission rate of the cooperative pathogen 1 is very low or even sub-critical'' -> I think tit should be added that here, because of the cooperativity, the effective transmission rate of the cooperative pathogen will climb above 1.
Last sentence of page 11 continued on page 12 : It's an interesting idea, but the relation with the results of this manuscript is really unclear to me, there is no concrete example from the results of a situation with no eradication but below the epidemic threshold.
Sentence between the bottom of page 12 and the beginning of page 13 ``stochastic effects become less important and the outcome of the competition becomes more net when the difference between the epidemiological traits of the two strains is small'' : it is implied that this is an outcome of the small difference, which indeed would be surprising. But actually, I suspect that this is because here, when the difference is small, both are far away from the threshold beta=1, whereas when the difference is large, as the value of the largest beta is kept fixed, then the value of the smallest beta gets closer to 1, and thus closer to the threshold where the strain is not able to sustain its spread, and thus leading to more stochasticity.
In the next sentence, it is unclear to me what is meant by a ``smooth transition''.
Appendix, between equations (6) and (7) : why not give a1 too?
Appendix beginning of section 5 on page 6 ``by setting ... =0 it is easy to show'' -> I don't think it's actually easy. Besides, in all cases, not only when all the strains coexist, at the equilibrium the time derivatives are zero, so it's unclear what properties are specific to this case. More details on the derivation of the results should be given.
Reviewer: 3
Comments to the Author(s) The authors tackle a highly challenging question in epidemiology and public health: cocirculating pathogens, each of which may have multiple strains (and thus result in cooperative or competitive dynamics). These dynamics have strong implications for public health policies on control and containment, as well as being highly mathematically interesting in their own right due to the high levels of dimensionality in (possibly) non-monotonic systems. While the qualitative conclusions of the work were not particularly surprising to me, I enjoyed considering the many facets of the authors' investigation. Efforts have clearly been made to consider stochasticity, population structures, and networks (as well as contrasting the different results). As such, I find it to be a valuable contribution to the literature, subject to some revisions listed below.
-I would recommend a thorough revision of the manuscript text, as there are a number of problems with grammar and spelling. This is particularly true in the discussion and conclusion. The content is sound, but I spent many minutes poring over the text before understanding the authors' intended meaning. The section would benefit from re-writing, and perhaps shortening of some of the sentences to increase legibility. -The authors choose to implement a physically sensible model for two pathogens, A and B. The results section contains a plethora of results which have been obtained numerically. However, at times it is difficult to ascertain the conditions for which each result applies. For example, on page 6, the authors discuss the non-monotonicity of the boundary of [A&B<sub>1</sub>]. I assume this is only true for the case when ?<1, but it was not quite clear from the text, and other readers may be confused. I understand this becomes more challenging as the dimensionality of the problem increases, but it would be quite helpful to those wishing to intuit what is happening. -The authors have demonstrated the existence and coexistence of the various strains and pathogens. However, it is somewhat inaccurate to claim that these conditions have been given when the results appear to be for a certain subset of parameter space. Naturally, many of these questions require solving high-order polynomials which I understand is cumbersome if not intractable. The authors have shown that many different phenomena may occur, and they point to what they believe to be the driver behind these observations. These are valuable contributions, but it is unclear what the necessary and sufficient conditions are for each of the many cases they discuss. I am not suggesting they do so, rather that the language be altered to reflect the nature of the findings. -It would be helpful if the authors could elaborate on the stability of the various states, both locally and the dependence on initial conditions. A number of analytical results are in the supplement, but some comments on stability would be helpful when interpreting the possible implications of the authors' findings.
Reviewer: 4
Comments to the Author(s) The paper by Pinotti et al. addresses the interesting question of the interplay between competitive and cooperative interactions in multi-pathogen systems. They focus on a 3-player system with one pathogen A and two pathogen strains B1 and B2 and illustrate through a series of mathematical and simulation results conditions for coexistence and exclusion equilibria between these pathogens, where B1 and B2 cooperate with A but compete directly in an extreme exclusion case with each other. First the authors consider a homogeneous mixing population, secondly they consider a structured population with two groups and relative rates of mixing between them, thirdly they consider explicit contact networks and the effects these may have on the ultimate epidemiological dynamics. Rich phenomenology emerges in each sub-model and the importance of transients and initial conditions is highlighted, especially in the stochastic models. Overall, my impression from this paper is that the authors are being over ambitious and by trying to do too many things at once, they are not really focusing on the key results, they are not providing enough mathematical details and are diluting their message. My suggestion is that sometimes "less is more" and this applies to this paper. My comments are listed below in the hope they can be constructively addressed in a revision.
6. In the interest of clarity and reproducibility, I suggest the authors to compile all model parameter values in a Table by which it can be easier to verify analytic conditions and equilibria that emerge. In particular, and of mathematical importance, how do the absolute values of parameters, namely alpha, c1+c2, and beta1+beta2 affect the relative competitive dynamics between the 3 strains? The figures focus just on the effect of relative parameter differences, but the absolute values are also very important and deserve some attention. For example in an SIS model (Gjini and Madec 2017), it has been shown that just by changing the value of global R0, one can shift the net hierarchy between strains, even when keeping the interaction coefficients the same (i.e. by keeping delta_c or delta_beta here the same). It is likely that such such effects apply also in this model.
Minor comments:
Author's Response to Decision Letter for (RSOS-190305.R0)
See Appendix A. Comments to the Author(s) I find that the changes in the 3.1 part, detailing more the analytical results delineating the different regimes, is making the manuscript really better. The authors have answered most of my concerns. I still think however that there are aspects that are really confusing.
RSOS-190305.R1 (Revision)
I think that in terms of spread of pathogens, people are really used to the basic reproduction number $R_0$, and that it would be useful to write around line 52 of page 3 explicitly R0=beta/mu and that, as mu is taken equal to 1 (equivalent to say that time is in units of recovery time) then R0=beta. A big issue to me is that then in figure 6, R0 is not equal to beta. In figure 6 , if I understand correctly, the average R0 = k beta / mu = 4 X 0.015 / 0.05 = 1.2, which is indeed >1 and thus supercritical. But why on figure 6 , opposite to what is used before, mu is different from 1? Why also not give the explicit formula when discussing supercriticality? Also, the authors added a sentence to answer one of my comments, ``Here, the spreading is super-critical for all pathogens: β 1 , β 2 > 1 and c 1 , c 2 are sufficiently high to sustain the spread of A. '', but this sentence is in the paragraph commenting figure 6, where beta_1 and beta_2 are not >1. And it is not even true that R0 > 1 for all strains in the whole figure. Indeed, fore delta_beta > 0.0025, then beta_1 < 0.0125 and thus R0 < 1 (though B1 is excluded by B2 before R0 of B1 gets smaller than 1).
In figure 6 , I find panels c, e, g, hard to read, and in principle, there could be cases in which for a given advantage, some simulations give X2 equal to the value taken by X1 in another simulation, preventing them from being both represented on the same graph. Thus it may be better to represent separately X1 and X2.
In legend of figure 2, ``In panel (b) transmissibility for B 1 is below one for δ β > 0.1.'' ``transmissibility'' is a bit vague. What not say explicitly beta_1? And use basic reproduction number instead of transmissibility?
Also, I really like figure 2, and the fact that the boundaries are actually analytical. But then in the legend of figure 2, the numbers referring to the equations in the text corresponding to each type of boundaries should be given in the legend (they are mentioned in the text, but the legend would be much clearer with direct references). On behalf of the Editors, I am pleased to inform you that your Manuscript RSOS-190305.R1 entitled "Interplay between competitive and cooperative interactions in a three-player pathogen system" has been accepted for publication in Royal Society Open Science subject to minor revision in accordance with the referee suggestions. Please find the referees' comments at the end of this email.
The reviewers and Subject Editor have recommended publication, but also suggest some minor revisions to your manuscript. Therefore, I invite you to respond to the comments and revise your manuscript.
• Ethics statement If your study uses humans or animals please include details of the ethical approval received, including the name of the committee that granted approval. For human studies please also detail whether informed consent was obtained. For field studies on animals please include details of all permissions, licences and/or approvals granted to carry out the fieldwork.
• Data accessibility It is a condition of publication that all supporting data are made available either as supplementary information or preferably in a suitable permanent repository. The data accessibility section should state where the article's supporting data can be accessed. This section should also include details, where possible of where to access other relevant research materials such as statistical tools, protocols, software etc can be accessed. If the data has been deposited in an external repository this section should list the database, accession number and link to the DOI for all data from the article that has been made publicly available. Data sets that have been deposited in an external repository and have a DOI should also be appropriately cited in the manuscript and included in the reference list.
If you wish to submit your supporting data or code to Dryad (http://datadryad.org/), or modify your current submission to dryad, please use the following link: http://datadryad.org/submit?journalID=RSOS&manu=RSOS-190305.R1
• Funding statement Please list the source of funding for each author.
Please note that we cannot publish your manuscript without these end statements included. We have included a screenshot example of the end statements for reference. If you feel that a given heading is not relevant to your paper, please nevertheless include the heading and explicitly state that it is not relevant to your work.
Because the schedule for publication is very tight, it is a condition of publication that you submit the revised version of your manuscript before 01-Dec-2019. Please note that the revision deadline will expire at 00.00am on this date. If you do not think you will be able to meet this date please let me know immediately.
To revise your manuscript, log into https://mc.manuscriptcentral.com/rsos and enter your Author Centre, where you will find your manuscript title listed under "Manuscripts with Decisions". Under "Actions," click on "Create a Revision." You will be unable to make your revisions on the originally submitted version of the manuscript. Instead, revise your manuscript and upload a new version through your Author Centre.
When submitting your revised manuscript, you will be able to respond to the comments made by the referees and upload a file "Response to Referees" in "Section 6 -File Upload". You can use this to document any changes you make to the original manuscript. In order to expedite the processing of the revised manuscript, please be as specific as possible in your response to the referees.
When uploading your revised files please make sure that you have: 1) A text file of the manuscript (tex, txt, rtf, docx or doc), references, tables (including captions) and figure captions. Do not upload a PDF as your "Main Document". 2) A separate electronic file of each figure (EPS or print-quality PDF preferred (either format should be produced directly from original creation package), or original software format) 3) Included a 100 word media summary of your paper when requested at submission. Please ensure you have entered correct contact details (email, institution and telephone) in your user account 4) Included the raw data to support the claims made in your paper. You can either include your data as electronic supplementary material or upload to a repository and include the relevant doi within your manuscript 5) All supplementary materials accompanying an accepted article will be treated as in their final form. Note that the Royal Society will neither edit nor typeset supplementary material and it will be hosted as provided. Please ensure that the supplementary material includes the paper details where possible (authors, article title, journal name).
Supplementary files will be published alongside the paper on the journal website and posted on the online figshare repository (https://figshare.com). The heading and legend provided for each supplementary file during the submission process will be used to create the figshare page, so please ensure these are accurate and informative so that your files can be found in searches. Files on figshare will be made available approximately one week before the accompanying article so that the supplementary material can be attributed a unique DOI. Reviewer: 2 Comments to the Author(s) I find that the changes in the 3.1 part, detailing more the analytical results delineating the different regimes, is making the manuscript really better. The authors have answered most of my concerns. I still think however that there are aspects that are really confusing.
In figure 6, I find panels c, e, g, hard to read, and in principle, there could be cases in which for a given advantage, some simulations give X2 equal to the value taken by X1 in another simulation, preventing them from being both represented on the same graph. Thus it may be better to represent separately X1 and X2.
In legend of figure 2, ``In panel (b) transmissibility for B 1 is below one for δ β > 0.1.'' ``transmissibility'' is a bit vague. What not say explicitly beta_1? And use basic reproduction number instead of transmissibility? Also, I really like figure 2, and the fact that the boundaries are actually analytical. But then in the legend of figure 2, the numbers referring to the equations in the text corresponding to each type of boundaries should be given in the legend (they are mentioned in the text, but the legend would be much clearer with direct references). 
Author's Response to Decision Letter for (RSOS-190305.R1)
See Appendices B & C.
Decision letter (RSOS-190305.R2)
13-Dec-2019
Dear Dr Poletto, It is a pleasure to accept your manuscript entitled "Interplay between competitive and cooperative interactions in a three-player pathogen system" in its current form for publication in Royal Society Open Science.
Please ensure that you send to the editorial office an editable version of your accepted manuscript, and individual files for each figure and table included in your manuscript. You can send these in a zip folder if more convenient. Failure to provide these files may delay the processing of your proof. You may disregard this request if you have already provided these files to the editorial office.
You can expect to receive a proof of your article in the near future. Please contact the editorial office (openscience_proofs@royalsociety.org) and the production office (openscience@royalsociety.org) to let us know if you are likely to be away from e-mail contact --if you are going to be away, please nominate a co-author (if available) to manage the proofing process, and ensure they are copied into your email to the journal.
Due to rapid publication and an extremely tight schedule, if comments are not received, your paper may experience a delay in publication. Royal Society Open Science operates under a continuous publication model. Your article will be published straight into the next open issue and this will be the final version of the paper. As such, it can be cited immediately by other researchers. As the issue version of your paper will be the only version to be published I would advise you to check your proofs thoroughly as changes cannot be made once the paper is published.
Please see the Royal Society Publishing guidance on how you may share your accepted author manuscript at https://royalsociety.org/journals/ethics-policies/media-embargo/. The article "Interplay between competitive and cooperative interactions in multipathogen systems" is well written and provides an interesting and novel investigation into the competitive and cooperative dynamics between pathogens and their strains. In addition to combining two previously disparate considerations, the authors should be commended for developing a model that is simple enough to be easily interpretable yet complex enough to allow for interesting dynamics. Whilst a full exploration of the myriad possibilities would certainly overwhelm the main document, I wonder whether some of these scenarios could be considered, or at least discussed in the appendix, or even alluded to as topics for future research. Some of these cases may even be covered in the articles cited -if so, this should be mentioned. figure S4) , one in the main manuscript ( figure 5 ) and by restructuring previous figure  3 , which is now figure 4. We substantially revised the text to improve the presentation of the results. We believe that the revised version provides a clearer comprehension of the multipathogen dynamics.
Nevertheless, I found the article an interesting and thoughtful investigation on multistrain dynamics that represents a significant advance from earlier investigations.
Minor comments:
P2 L28: Suggest inserting "the" between "assess" and "validity" 
Comments to the Author(s)
This is my first reading of this manuscript. Overall, I think this is an interesting study, that should eventually be published. But I have a few comments. This is a theoretical study of infections at the scale of a host population (homogeneously mixed, or subdivided in 2 subpopulations, or in a Erdős-Rényi network, or in a modular network), in the case where there are two competing strains which cannot coinfect the same host, and another strain, which cooperates with the two first strains. One of the first two strains has better cooperation, but a lower transmissibility. The authors study the phase diagrams (which strain(s) manage to maintain in the population) as a function of the relevant parameters.
Response: We thank the reviewer for her/his comments and we are glad that she/he found the work interesting. We provide a point-by-point response below.
Around line 14 of page 5 : ``We assume then that strain B1 is more cooperative'' : maybe say why you don't consider the reverse case. I imagine that you focus on the interesting case of a trade-off between cooperativity and transmissibility, if B2 was both more transmissible and more cooperative, it would outcompete strain B1 (though I am not sure whether there is a range of parameters where coexistence is still possible). Maybe it would be interesting to discuss an example of a pathogen with a trait variation that makes it more transmissible and less cooperative. (0) Around line 38 of page 11 ``This may happen also when the transmission rate of the cooperative pathogen 1 is very low or even sub-critical'' -> I think tit should be added that here, because of the cooperativity, the effective transmission rate of the cooperative pathogen will climb above 1. Last sentence of page 11 continued on page 12 : It's an interesting idea, but the relation with the results of this manuscript is really unclear to me, there is no concrete example from the results of a situation with no eradication but below the epidemic threshold. Sentence between the bottom of page 12 and the beginning of page 13 ``stochastic effects become less important and the outcome of the competition becomes more net when the difference between the epidemiological traits of the two strains is small'' : it is implied that this is an outcome of the small difference, which indeed would be surprising. But actually, I suspect that this is because here, when the difference is small, both are far away from the threshold beta=1, whereas when the difference is large, as the value of the largest beta is kept fixed, then the value of the smallest beta gets closer to 1, and thus closer to the threshold where the strain is not able to sustain its spread, and thus leading to more stochasticity. 
Response
and B2(0), and considering different values of A(0). We found that for each value of B2(0) the [A&B1] state is reached when B1(0) is above a certain threshold. This threshold becomes smaller when A(0) increases. The same analysis was done for alternative values of delta_c and delta_beta, with similar qualitative results. In addition, we plotted in the parameter space (delta_c, delta_beta) the threshold values of B1(0) (other initial frequencies kept fixed) for which the final state is [A&B1], as well as the threshold value of A(0). We summarised these results in a multi-panel figure that was added in the Supplementary Material (figure S2).
In the next sentence, it is unclear to me what is meant by a ``smooth transition''.
Response: We wanted to convey the observation of a gradual change, in contrast to an abrupt change. We replaced "smooth" with "gradual" throughout the text.
Response: We agree and added the expression for a1 together with a0 and a2.
Response: We thank the reviewer for pointing this source of confusion. We considered, indeed, the equilibrium conditions. We corrected the sentence in question and added the equations necessary to obtain the result.
Comments to the Author(s)
The authors tackle a highly challenging question in epidemiology and public health: cocirculating pathogens, each of which may have multiple strains (and thus result in cooperative or competitive dynamics). These dynamics have strong implications for public health policies on control and containment, as well as being highly mathematically interesting in their own right due to the high levels of dimensionality in (possibly) non-monotonic systems. While the qualitative conclusions of the work were not particularly surprising to me, I enjoyed considering the many facets of the authors' investigation. Efforts have clearly been made to consider stochasticity, population structures, and networks (as well as contrasting the different results). As such, I find it to be a valuable contribution to the literature, subject to some revisions listed below.
Response: We thank the reviewer for praising the relevance of our research question and the mathematical interest of the work. We provide below a point-by-point reply to all comments raised.
-I would recommend a thorough revision of the manuscript text, as there are a number of problems with grammar and spelling. This is particularly true in the discussion and conclusion. The content is sound, but I spent many minutes poring over the text before understanding the authors' intended meaning. The section would benefit from rewriting, and perhaps shortening of some of the sentences to increase legibility.
Response: We thoroughly revised the text and considerably improved the readability. We hope that the reviewer will find the new version more accessible and easier to follow.
-The authors choose to implement a physically sensible model for two pathogens, A and B. The results section contains a plethora of results which have been obtained numerically. However, at times it is difficult to ascertain the conditions for which each result applies. For example, on page 6, the authors discuss the non-monotonicity of the boundary of [A&B<sub>1</sub>]. I assume this is only true for the case when ?<1, but it was not quite clear from the text, and other readers may be confused. I understand this becomes more challenging as the dimensionality of the problem increases, but it would be quite helpful to those wishing to intuit what is happening.
Response: We thank the reviewer for raising this issue. We found that the boundary is monotonous for all tested parameter combinations. We extensively revised the section 3.1 to better describe the dynamics and better illustrate the different regimes -see in particular the discussion around equation (3)- (5) figure S1 and S3 for the well-mixed and two communities systems, respectively. They summarise all sets of parameters considered. -The authors have demonstrated the existence and coexistence of the various strains and pathogens. However, it is somewhat inaccurate to claim that these conditions have been given when the results appear to be for a certain subset of parameter space. Naturally, many of these questions require solving high-order polynomials which I understand is cumbersome if not intractable. The authors have shown that many different phenomena may occur, and they point to what they believe to be the driver behind these observations. These are valuable contributions, but it is unclear what the necessary and sufficient conditions are for each of the many cases they discuss. I am not suggesting they do so, rather that the language be altered to reflect the nature of the findings. Comments to the Author(s) The paper by Pinotti et al. addresses the interesting question of the interplay between competitive and cooperative interactions in multi-pathogen systems. They focus on a 3-player system with one pathogen A and two pathogen strains B1 and B2 and illustrate through a series of mathematical and simulation results conditions for coexistence and exclusion equilibria between these pathogens, where B1 and B2 cooperate with A but compete directly in an extreme exclusion case with each other. First the authors consider a homogeneous mixing population, secondly they consider a structured population with two groups and relative rates of mixing between them, thirdly they consider explicit contact networks and the effects these may have on the ultimate epidemiological dynamics. Rich phenomenology emerges in each sub-model and the importance of transients and initial conditions is highlighted, especially in the stochastic models. Overall, my impression from this paper is that the authors are being over ambitious and by trying to do too many things at once, they are not really focusing on the key results, they are not providing enough mathematical details and are diluting their message. My suggestion is that sometimes "less is more" and this applies to this paper. My comments are listed below in the hope they can be constructively addressed in a revision.
Response: We thank the reviewer for pointing out the interest of our research question and for the many constructive comments. We provide below a point-by-point reply.
1. The biological motivation for the study does not seem very well-founded. In the introduction the authors cite a lot the HIV-Tuberculosis coinfection case and the Streptococcus pneumoniae-Influenza case. The first case involves a chronic pathogen SI dynamics for HIV, the second case involves a SIR dynamics for influenza, thus it does not really apply to their model, whose primary epidemiological structure is of SIS type. This is very important as the feedbacks change. Gjini and Madec. Theoretical Ecology, 10(1) 129-141, 2017 . Sofonea, Alizon, and Michalakis. Proc R Soc Lond [Biol], 370(1675 ), 2015 . Alizon. Interface Focus 3(6), 2013 [15, 47, 16, 17, 18] . Other models have addressed environmental and host population features, such as age-structure, contacts dynamics and spatial organisation [19, 20, 21, 35] . However, little attention has been dedicated to the effect of an additional co-circulating pathogen." 2. The authors are considering an N=3 system, and I think they should be explicit about this already in the title, because it makes it clear that already going from N=2 (mostly studied in the literature) to N=3 allows for much more complex dynamics to emerge. And for N=3, one can still obtain some analytical results, which becomes very hard with big N, as most studies perform only simulations in those cases. In this respect I would highly suggest to rephrase the title to 'Interplay between competitive and cooperative interactions in a 3-player pathogen system' or something of the sort. This will make it easier to connect this study also to other ecological studies of the Lotka-Volterra type where such multi-species interaction networks are even more deeply studied, and both mathematical and biological analogies can be exploited.
"Interplay between competitive and cooperative interactions in a three-player pathogen system"
Furthermore, we refer to the term "three-player pathogen system" several times throughout the paper. [15, 47, 16, 17, 18] ." 5. The presentation of results could be greatly improved. In my opinion, the authors should expand substantially on the mathematical results of section 3.1. and 3.2 and either remove or relegate the sections 3.3-3.4 to the Supplements. I think, the key here is the triangular interaction structure in this '3-species' system (both qualitative and quantitative) and the mathematical criteria determining the biological regimes. By focusing only on the mean-field scenario and structured population, the paper will be much stronger, clearer and easier to understand. The authors should present their results also in terms of the basic reproduction R0 of each strain when alone, a quantity that right now is not even mentioned. This will make it easier to relate this study to other epidemiological multi-strain studies. Instead of rescaling time by clearance rate mu, having mu explicit means that many analytical conditions will appear in terms of the strain-specific basic reproduction number R0, and the conditions such as: alpha>1, beta1>1... etc. just become R0(A)>1 etc. I think an important point of section 3.2. is that structured contacts in the host population (already just having 2 sub-populations) allows an internal coexistence equilibrium between 3 strains, which was not possible without host population structure. The authors do not comment on frequency-dependent advantage of each strain, but in fact a lot of the phenomena reported here have to do with frequencydependence in relative strain fitnesses. Another interesting phenomenon the authors do not comment on is in figure 3d, where intermediate mixing between the two host sub-populations, maximizes the region where A and B1 coexist, thus maximizes the 'rescue' of the less transmissive strain (B1) through its cooperative superiority with a third-party (A). These results deserve to be developed more in depth. figure 3d and moved it to a separate figure (now figure 5) . There, we also present the pathogens' trajectories as well as the B1 persistence region for different values of epsilon.
In my view
As for Sections 3.3-3.4, the contact network structure, in my view, is just adding more complexity but without providing big new insights. So for me these sections are not necessary. They are rather special cases of a special case and no analytical insights are provided. For example how would the results change if a different n_c were used in 3.4? How would the results change if a different average node degree k were used in 3.3? I don't think these sections add qualitatively much to this paper. Maybe they could be the focus of another paper, focusing specifically on the network structure and studying its effect more in detail. Like this, I feel these sections dilute attention away from the center. How a particular contact network topology modifies this particular assumed interaction structure between 3 strains in my view constitutes another paper. There is much left to explore analytically in the stochasticity, in the discrete nature of events, in the features of the network, and all the rich asymptotic regimes that become possible when considering the strains interactions. Just illustration of one scenario, as done presently, is not enough. 6. In the interest of clarity and reproducibility, I suggest the authors to compile all model parameter values in a Table by which it can be easier to verify analytic conditions and equilibria that emerge. In particular, and of mathematical importance, how do the absolute values of parameters, namely alpha, c1+c2, and beta1+beta2 affect the relative competitive dynamics between the 3 strains? The figures focus just on the effect of relative parameter differences, but the absolute values are also very important and deserve some attention. For example in an SIS model (Gjini and Madec 2017), it has been shown that just by changing the value of global R0, one can shift the net hierarchy between strains, even when keeping the interaction coefficients the same (i.e. by keeping delta_c or delta_beta here the same). It is likely that such such effects apply also in this model. -I suggest to use word descriptions for the x-y labels in the figures, to recall the variables denoting direct competition (delta_beta) between strains B1 and B2 and relative cooperation (delta_c) with the third player A. In fact, ultimately the interplay explored in this paper, is that of direct vs. indirect interactions, which when system size increases further, are likely to generate even richer dynamics.
Response
Response: We added "cooperative advantage" and "competitive advantage" in the axes labels of figures 2 to 7.
